Inequalities and derivatives

Theorems

A If f'(x)>0 Vx€(a,b) then f(x) isincreasingon |a,b] ,

in particular, f (a)<f(b) .

B.If f''(x)>0 Vx€&(a,b) then f(x) isconvexon [a,b]| , in particular,
f(pa+qb)<pf(b)+q f(b) ¥ p,q€]0,1] suchthat p+g=1

C. (Jensen's inequality) Let f (x) be convex and numbers a,a,...,a, postive with the sum 1.

Then fl(a,x,+..+a,x,)<a, f(x)+..+a,f(x,) .

1. Provethat sinx<x Vx>0

2. Prove that |x+l|22 Vx #0
X

3. Provethat a) e'>x+1 WVx
2 2

b) ex>x?+x+1 Vx>0 and ex<x7+x+1 Vx<0
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c) exzx—'+ Lt %+ x+1 Vx andanyoddn
n!

4. Compare ™ and m° ?

5. Provethat cosVx>1— Vx>0
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6. Prove that

X+ y _ COSx+ COoSy —1T 1T

> \v4 S 4
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a) cos

) \/H vz ey
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c) ""7<03e"+0.7¢"  Vx,y
d) tan50 +tan51 +tan52 +..+tan70 >21+3
x+x,+..+x, Inx+lnx+..Inx,

7. Prove thata) In >
n n

ata,t..ta
1 2 n._n
b) >Va,a,..a,

n




Extra problems

p q
8. Given positive numbers p and ¢ such that i+ $=1 , prove that ab <44 L for all
P q
positive a, b.

9. Prove that sin2x+ cosx> 1 VxE(O,%r)

10. (IMC 2009.2.2) Let f:R=>IR be a2 times differentiable function satisfying
f(0)=1,£'(0)=0 and
F(x)=5F"(x)+6 f(x)=0 Vx>0
Prove that
f(x)=3e—26"" Vx=0
11. (IMC 2006.2.3) Compare functions sin(tanx) and tan(sinx) forall xe&(0, g)
12. Polynomials P and Q are quadratic, and inequalities P(x)<0 and Q(x)<0 has no
common solutions. Prove that there exist positive numbers a and b such that the polynomial
aP+ bQ is positive for all x.
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