Inequalities and second derivatives

Theorems

A If f''(x)>0 Vx€(a,b) then f(x) isconvexon |a,b]| , inparticular,
f(pa+qgb)<pf(b)+q f(b) ¥ p,q€]0,1] suchthat p+g=1

B. (Jensen's inequality) Let f(x) be convex and numbers @, a, ...,a, postive with the sum 1.

Then f(a,x,+..+a,x,)<a, f(x)+..+a,f(x,) .

1.

Prove that
X+ y_ cosx+cosy —T T
> - —
a) cos 7= 7 Vx,ye > ,2}
b) \/x+)3/+zz\/x+\/3}/+\/z Vx,y,z>0

¢) "<03e"4+0.7¢" Vx,y
d) tan50°+tan51°+tan52'+..+tan70 >21+/3

x+x,+...+x, Inx+Inx,+..Inx,

Prove thata) In >
n n
a,ta,t..ta
by —2 “>Va,a,..a,
n
a+b+c+d
a“bbch"z(W) (a, b, ¢, d are all positive)
Credit problems
. .. 1 1_ a’ b’
SD1. Given positive numbers p and ¢ such that ;+ g =1 ,prove that ab<—+ — for
P q

all positive numbers a, b.

SD2. Polynomials P and Q are quadratic, and inequalities P(x)<0 and Q(x)<0 has
no common solutions. Prove that there exist positive numbers a and b such that the
polynomial aP+ bQ is positive for all x.
a, a, a, n

SD3. Let all a>0, s = a, +a, +...+ a,. Prove that + +...+ =

s—a, Ss—a, s—a, n—1
SD4. Let a; b; c¢; d; e > 0 be real numbers such that a* +b*> +c* = d&* +e* and
a* +b* +c* = d*+e*. Compare the numbers @’ + b* + ¢* and &° + €°.
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