Integral and Differential Inequalities
(Integrate inequality) Use f(x)>g(x)=[/>[¢g

1
1. Given a real function f(x)>x Vx | prove that ff(x)a’x>0.5
0

2a 1 1
2.Prove thata) |[sinx’dsl<lal VaeR b) [sincdi<y ¢) [sinv'ax>7
a 0 0

3. |f'(x)[<5 Vx Prove that [{77)-A7)<350.

4. Given f'such that f{0)=0, /' be continuous and f'(x)>cos(x) V x>0 , prove that
fix)>sin(x) Vx>0 .
5. f(x)f'(x)=x Vx Provethat 7(x)—/(y)=x"—)" Vx>y

, 1
6. Given f'such that f{2)=4, /" be continuous and f '(x)>Inx Ty Vx>1 | prove that

n x
f(x)>2x Vx>2 .

(Substitute) Use another function

7. Given f'such that f{0)=3, /' be continuous and f'(x)+2f(x)=0 Vx , prove that
f(x)<3e™ Vx<0 .

(Split segment) ff+jf=jf

8. f(x) be contlnuous f(x)-x increasing. Prove that
b+k

[ rix)ax— ff )dx>k(b—a) Yb>a, k>0

a+k
o0

9. Prove that a) Z —% b) Z
i=1 l \/;

Credit problems

1o, 18 divirgent.

b 2
a -b”

IDI1. Let 0<a<b. Prove that f(x2+1)e_xldx26_ —e

a

IDI2. Call f:[0,1]-R agood functionif |f(x)—f(y)|=|x—y| forallpairs x,y€R .
1

Find the minimum of _[ f(x)dx over all good functions.
0

IDI3. Let f:R—(0,+) be a differentiable function, and suppose that there exists a constant L
>0 suchthat |f'(x)—f'(y)|I<L|x—y| forallpairs x,y€R .Prove that

(f"(x)P<2Lf(x) .

IDI4. Given f'be two times differentiable such that f{0)=1, /(0)=0 and
f1(x)=57"(x)+6 f(x)=0 Vx>0  provethat f(x)=3e’"—2¢" Vx=0 .

IDIS. Let f:IR—(0, +OO) be a continuously differentiable function. Prove that
1 2
| i x)de—s ff Jdv|< max | £ (x (ff )
0
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